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Question How do algebraic sets fieldsof rat lfunctions localring
in Unt 1A relate to those in the IP it sits inside

Anton let VEA be an algebraic set w

I I V E kCx xD

Let JEkCx anti be the ideal generated by the
homogenization of elements of I check J is stillradical

Thus J is homogeneous and define T Vp J Elp

T is called the projective closure of V in IP
In fact it's the Zariski closureof Vin 1pm

b
seseHW

cycle Tn Unt V

faction In general it is not true that if I ft fr

then J Fi Fr where Fi homog of fi

Ex I x y Then y c I so ye J homog of I
but yet x2tyZ x J

Geometrically Va I o.o Vp J CoO D



but Vp J Co O D Co I o i e we get an extra point
in this case if we just homogenize generators

E Recall I H y z xy c Efx y z We showedon a pastHW
that Va I Ct E t EIA

This is calledthetwistedcubic

Let J be the homogenization of I in kCx y z w

Define J to be J x2 yw 2w Xy

Clearly Vp J nU Va I

BIT if w O in Vp J then 7 0 and Y and Z can

be arbitrary so

Vp J Vp J UVp Kw which is reducible since

O I O o cVp x y but ZX y c I Zx y2eJ whichdoesn't
vanish at Coil O D

w
line in Ha

Yf

in
the twisted cubic
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Interesting note we care't actually define the twisted



cubic in IPs using only two equations That is thetwisted
cubic is not what's called a complete intersection ii e t

can't be defined by of equations equal to itscodimension
Oneway to see this is that it hasdegree 3 whereasthe
intersection of two quadrics deg2hypersurfaces hasdegree
4 hence the additional line Thus youneed an additional

quadricto cut out the twisted cubic see HW

putolAh

VE Ph an algebraic set I Ip V EkCx Xn

Then intersectingwith Unt corresponds to dehomogenizing
i e taking n 1 E k to oxn.itcxniy kCxi oXnD

Nete If we think of I as the ideal of the cone C V then

the quotient ka Xun k
n 1 corresponds to

the inclusion Un
htt

Xun la

Then I is the image of I in thequotient so VCI C VhUn
hunts

Fieldston s



let V CAh be an affine variety and WE P its projective11
Unt

closure We can define a map

d k w k V by a E FCMi.tn
P p G Xi Xn1

quotients fieldof
of formsof fractionsof
thesamedeg f v

subtlety can youseewhy this is well defined

Pep x is an isomorphism

PI Let f cNV let A and B be the homog of a b resp
and q degb Dega Then SATXie of Thus x is a

9maybeco

surjection of fieldsand thus an isomorphism D

Coe If Pete a induces an isom Op w Op V

PI 4 Opcw p V since F defined at P FG xn l is

The map is injective since d is

If I cOp v then the homogenization of b will be nonzero
at P as well so the map is surjective D

Remark If PatUnti we can choose a different Ui s t Pelli and



dehomogenize w r t Xi


